We study the linear space of C s -smooth isogeometric functions defined on a multi-patch domain Ω ⊂ R 2 . We show that the construction of these functions is closely related to the concept of geometric continuity of surfaces, which has originated in geometric design. More precisely, the C s -smoothness of isogeometric functions is found to be equivalent to geometric smoothness of the same order (G s -smoothness) of their graph surfaces. This motivates us to call them C s -smooth geometrically continuous isogeometric functions. We present a general framework to construct a basis and explore potential applications in isogeometric analysis. The space of C 1 -smooth geometrically continuous isogeometric functions on bilinearly parameterized two-patch domains is analyzed in more detail. Numerical experiments with bicubic and biquartic functions for performing L 2 approximation and for solving Poisson's equation and the biharmonic equation on two-patch geometries are presented and indicate optimal rates of convergence.
Introduction
In the framework of Isogeometric Analysis (IgA), which was introduced in [12] , partial differential equations are discretized by using functions that are obtained from a parameterization of the computational domain. Typically one considers parameterizations by polynomial or rational spline functions (NURBS -non-uniform rational spline functions, see [20] ) but other types of functions have been used also. On the one hand, this approach facilitates the data exchange with geometric design tools, since the mathematical technology used in Computer Aided Design (CAD) is based on parametric representations of curves and surfaces. On the other hand, it has been observed that the increased smoothness of the spline functions compared to traditional finite elements has a beneficial effect on stability and convergence properties [3, 9] .
Clearly, regular single-patch NURBS parameterizations are available only for domains that are topologically equivalent to a box. Though it is possible to extend the applicability of such parameterizations slightly by considering parameterizations with singular points (cf. [27] ), it is preferable to use other techniques, due to the difficulties introduced by the use of singularities.
One of the most promising approaches is to use multi-patch parameterizations, which are coupled across their interfaces. Several coupling techniques are available, such as the direct identification of the degrees of freedom along the boundaries as in [24] , the use of Lagrangian multipliers as in [14] , or Nitsche's method [17] . The approximation power of T-spline representations, which are a generalization of NURBS that allow T-junctions and extraordinary vertices in the mesh (cf. [26] ), was explored for two-patch geometries in [2] . However, these multi-patch constructions in isogeometric analysis are limited to functions of low regularity (at most C 0 -smoothness). Consequently, the resulting numerical solutions are highly smooth almost everywhere, except across the interfaces between the patches of the multi-patch discretization.
Another approach is the use of trimmed NURBS geometries, which can also be combined with the multi-patch method. Such geometries have been used in the context of IgA (see e.g. [13, 21, 23] ). However, trimming implies unavoidable gaps, when two trimmed NURBS patches are joined together (cf. [25] ), and often requires advanced techniques for coupling the discretizations, see [21] . Another related technique is the use of mapped B-splines on general meshes [28] .
The use of functions generated by subdivision algorithms has become a valuable alternative to NURBS, especially in Computer Graphics, since these functions lead to gap-free surfaces of arbitrary topology (cf. [19] ). One of the standard subdivision methods is the Catmull-Clark subdivision, which generates surfaces consisting of bicubic patches, joined with C 2 -smoothness everywhere except at extraordinary vertices, where they have a welldefined tangent plane. A Catmull-Clark based isogeometric method for solids is presented in [7] . Disadvantages of using subdivision methods are the possible reduction of the approximation power in the vicinity of extraordinary vertices, cf. [16] and the need for special numerical integration techniques. In fact these functions are piecewise polynomial functions with an infinite number of segments.
Another possibility to deal with domains of general topology is the use of T-splines, which can represent more complex geometries. This has been exploited in IgA, see e.g. [1, 2] . However, the mathematical properties of the resulting isogeometric functions around the extraordinary vertices are not well understood. Around extraordinary vertices, Tsplines are based on a special construction for geometrically continuous surfaces.
Geometric continuity is a well-known and highly useful concept in geometric design [18] and there exist numerous constructions for multi-patch surfaces with this property. It can be used to construct isogeometric functions of higher smoothness [4, 10] , but the systematic exploration of the potential for IgA has just started. Numerical experiments with a multipatch parameterization of a disk have been presented in [16] . The results indicate again a reduction of the approximation power (and consequently a lower order of convergence) which is caused by the extraordinary vertices, similar to the case of subdivision algorithms.
Our paper consists of three main parts. Firstly we describe the concept of C s -smooth geometrically continuous isogeometric functions on general multi-patch domains, and we present a general framework for computing a basis of the corresponding isogeometric discretization space in Section 2. We then analyze the case of C 1 -smooth geometrically continuous functions on bilinearly parameterized two-patch domains in Section 3. The dimension of the space of these isogeometric functions is investigated and a particular selection of the basis is proposed. In addition, generalizations of our approach to more general two-patch domains are discussed.
Finally, in order to demonstrate the potential of geometric continuity for IgA, we present numerical experiments to explore the approximation power of C 1 -smooth geometrically continuous isogeometric functions for bilinearly parameterized two-patch geometries in Section 4. In addition to L 2 approximation and solving Poisson's equation, we also present results concerning the biharmonic equation, where the use of C 1 -smooth test functions greatly facilitates the (isogeometric) discretization. Our numerical results indicate that the geometrically continuous representations maintain the full approximation power. This may be due to the fact that the effect of geometric continuity in our approach is not restricted to the vicinity of an extraordinary vertex as in earlier approaches, but spread out along the entire interface between the patches.
Geometrically continuous isogeometric functions
We present the concept of geometrically continuous isogeometric functions on general multi-patch domains. We show that geometric continuity of graphs of isogeometric functions is equivalent to standard continuity of isogeometric functions. Furthermore, we present a general framework for computing a basis of the corresponding isogeometric space.
C s -smooth isogeometric functions
In order to simplify the presentation we restrict ourselves to the case of two-dimensional computational domains. Given a positive integer n, we consider n bijective, regular geometry mappings
which are represented in coordinates by
, where S (ℓ) is a tensor-product NURBS space of degree d ℓ ∈ N 2 0 . Consequently, each geometry mapping G (ℓ) , ℓ ∈ {1, . . . , n}, is defined as a linear combination of NURBS basis functions ψ
with a suitable index set I ℓ (a box in index space) and control points d
Thus it is a two-dimensional regular NURBS surface patch in R 2 . More precisely, we even assume that the geometry mappings G (ℓ) are defined and regular on a neighborhood of [0, 1] 2 . Each geometry mapping G (ℓ) , ℓ ∈ {1, . . . , n}, defines a quadrilateral subdomain or patch
We assume that the interiors of these subdomains are mutually disjoint, i.e.
On each patch Ω (ℓ) , ℓ ∈ {1, . . . , n}, the space of isogeometric functions is given by
Given a positive integer s, which specifies the order of smoothness, the space
contains the globally C s -smooth isogeometric functions defined on the computational domain Ω.
Geometric continuity of the graph surfaces
Let us consider an isogeometric function w ∈ V in more detail. On each patch Ω (ℓ) , ℓ ∈ {1, . . . , n}, the function w is represented by
with
, which is a function defined on the local parameter domain [0, 1] 2 , and w (ℓ) , which is the associated segment of the isogeometric function defined on Ω (ℓ) . The associated graph surface F (ℓ) of w (ℓ) possesses the form
For any bivariate function f we denote with ∂ i f its partial derivative with respect to the i-th argument. Depending on the domain of the function, this argument can be either one of the local parameters ξ (ℓ) i or one of the coordinates x i in the physical domain.
We consider two neighboring patches Ω (ℓ) and Ω (k) with the common interface e (ℓk) = Ω (ℓ) ∩ Ω (k) , see Fig. 1 . Since w ∈ C s (Ω), the derivatives up to order s of the functions w (ℓ) and w (k) at the common interface have to be equal, i.e.,
where x = (x 1 , x 2 ) are the global (world) coordinates with respect to the computational domain Ω. We evaluate the derivatives at the boundary of the patches by considering one-sided limits. Moreover we assume that the geometry mappings and their inverses are at least C s -smooth. We may also parameterize the graph surfaces F (ℓ) and F (k) with respect to the world coordinates x 1 and x 2 , simply as
The fact that w ∈ V is true if and only if these two parameterized surfaces are joined together with C s -smoothness along e (ℓk) . This is obvious for the first two coordinates, and it is implied by (2) for the third one.
Recall that two parametric surfaces are said to be joined together with geometric smoothness of order s if there exist reparameterizations (parameter transformations) that transform them into two parametric surfaces that are joined together with C s smoothness [11, 18] . (Typically only a reparameterization of one of the two surfaces is considered, but it is also possible to reparameterize both surfaces.) The two graph surfaces F (ℓ) and F (k) satisfy the criterion of this definition. We thus obtain: Theorem 1. Let w : Ω → R be an isogeometric function, which is defined on patches Ω (ℓ) , ℓ ∈ {1, . . . , n}, by isogeometric functions w (ℓ) , given in (1) . Then w ∈ V if and only if for all neighboring patches Ω (ℓ) and Ω (k) , ℓ, k ∈ {1, . . . , n} with ℓ = k, the associated graph surfaces F (ℓ) and F (k) meet at the common interface with geometric continuity of order s.
proof. It suffices to consider two neighboring patches as shown in Fig. 1 . It has already been observed that the C s -smoothness of w implies the geometric continuity of order s of the associated graph surfaces. We still need to prove the other implication. If the two surfaces meet with geometric continuity of order s then there exists a parameter transformation Φ (ℓk) such that the two surfaces F (ℓ) and F (k) • Φ (ℓk) meet with C s -smoothness across the common interface, i.e., the composed surface patch
is C s -smooth. Consequently, the function
Consequently, we will refer to the functions w ∈ V as C s -smooth geometrically continuous isogeometric functions. In fact, the functions themselves possess the standard smoothness properties, but their graph surfaces are joined with geometric continuity.
Theorem 1 is equivalent to a very recent result in [10] , where the authors observed that matched G k -constructions always yield C k -continuous isogeometric elements. In contrast to that approach, which is based on the usual viewpoint in geometric design, we started our derivation from the given domain parameterization and not from the reparameterization φ (ℓk) . We feel that this viewpoint fits better into the IGA framework, where the computational domain is central. It also leads to a natural framework for the construction of a basis of the space V . This is described in the next subsection.
Constructing a basis: General framework
Constructing a basis is an essential first step, which is required in order to use geometrically continuous isogeometric functions for simulations. We will construct isogeometric basis functions on Ω, which span the space V of all C s -smooth geometrically continuous isogeometric functions. On each patch Ω (ℓ) , ℓ ∈ {1, 2, . . . n}, any such basis functionwhich we again denote by w -is given by a representation of the form (1). According to Theorem 1, the functions w are C s -smooth on Ω if and only if the graph surfaces join with geometric smoothness of order s across the common interface e (ℓk) for all neighboring patches Ω (ℓ) , Ω (k) , ℓ, k ∈ {1, 2, . . . , n}, with ℓ = k. We choose a basis (ψ (ℓ) j ) j∈I ℓ for each local spline space S (ℓ) , e.g., the NURBS basis functions on each patch. Consequently, the functions W (ℓ) ∈ S (ℓ) , which define the basis function, have a local representation
Using Eq. (1) and (2) we obtain constraints on their coefficients,
Since we are considering a finite-dimensional space of functions, these constraints are equivalent to finitely many linear constraints on the coefficients b
j , which can be formulated as a homogeneous linear system
We now choose a basis of the null space (the kernel) of the matrix H. Each basis vector defines via (1) a function
Consequently, every function W i then defines by (1) an isogeometric basis function
There are several possible strategies for choosing a basis of the null space of H. One may try to select basis functions with local supports and to avoid basis functions having large supports. Moreover, it is possible to extend the linear system (3) by adding further linear equations to satisfy certain conditions on the basis, e.g., homogeneous boundary conditions when solving Poisson's equation and the biharmonic equation (see Sections 4.3 and 4.4). The case of two patches will be studied in the next section.
C 1 -smooth functions on bilinear two-patch geometries
In this section, we restrict the order of continuity to s = 1 and consider two-patch configurations, where both patches are bilinearly parameterized, but represented as Bspline patches of degree (d, d) for d ∈ {3, 4}. First, the dimension of the resulting space V of the C 1 -smooth geometrically continuous isogeometric functions on such domains will be analyzed. Next, a basis of V will be presented, providing explicit formulas for d = 4. Finally, we discuss the generalization to more general two-patch domains.
Figure 2: A two patch domain Ω consisting of two patches Ω (1) and Ω (2) that are defined by two bilinearly parameterized geometry mappings G (1) and G (2) . These mappings are determined by the 6 patch vertices (0, 0), (0, 1), (p 0 , q 0 ), (p 1 , q 1 ), (p 2 , q 2 ) and (p 3 , q 3 ).
Bilinearly parameterized two-patch domains
We assume that the domain Ω consists of two patches Ω (1) and Fig. 2 , which are glued together in such a way that they share the whole common edge (shown in blue). We assume, that the two patches Ω (1) and Ω (2) are defined by two bilinear geometry mappings G (1) and G (2) . The shape of the patches is determined by the 8 parameters p i , q i , i = 0, . . . , 3, which form the shape vector in R 8 that characterizes the two-patch geometry. This vector is said to be feasible if the two patches are disjoint and the bilinear parameterizations are both regular on , . . . ,
, . . . ,
in both parameter directions, where k ∈ N 0 . Such B-spline patches are obtained by 1. parameterizing the domains Ω (1) and Ω (2) as bilinear Bézier patches, 2. applying degree-elevation d − 1 times, and 3. inserting k equidistant inner knots of multiplicity d − 1 in both parameter directions.
This construction guarantees that the common edge
is parameterized identically by both patches. Consequently, an isogeometric function w is continuous (C 0 -smooth) across this edge if and only if
Let us now consider the tangent planes of the two graph surfaces F (1) and F (2) at the points of the common edge. They are spanned by the derivative vectors
respectively. The C 1 -smoothness of the isogeometric function w is guaranteed if the 3 × 4 matrix formed by them has rank 2 only, since then the two tangent planes at any point G (1) (1, ξ) are identical. Due to the identity
which is implied by the continuity conditions (4) and (5), this is equivalent to
which is a well-known condition for first order geometric continuity between two surface patches, cf. [11] . This condition leads us to the homogeneous linear system (3) for the coefficients b
(1)
j of the function W (1) and W (2) , respectively. The basis of V consists of two different kinds of C 1 -smooth geometrically continuous isogeometric functions. The basis functions of the first kind possess a support that is contained in one of the two patches only. We consider the functions that are obtained by composing a tensor-product B-spline on one of the patches with the inverse geometry mappings,
where neither the support of the B-spline ψ
nor of its first derivatives intersect the interface with the other patch. These functions have exactly one non-zero coefficient b
j that correspond to the control points of the common edge or one of the neighboring columns of the two patches G (1) and G (2) , are always zero. Therefore, the number of these functions is equal to
Note that the coefficients b (ℓ) j of these isogeometric functions are independent of the geometry mappings.
In contrast, the basis functions of the second kind depend on the geometry mappings. Here, the coefficients b (ℓ) j,i of the functions that do not correspond to the control points of the common edge or one of the neighboring columns of the two B-spline patches are set to zero. We have to choose suitable coefficients for the remaining (d + 1 + k(d −1)) coefficients in order to obtain functions that are C 1 -smooth across the interface. The number of these functions will be analyzed in the following section.
Dimension of the space
We investigate the dimension of the space V of C 1 -smooth geometrically continuous isogeometric functions on the above described bilinearly parameterized two-patch domains. Recall that the number of functions of the first kind can be computed with help of formula (8) . It remains to analyze the number of linearly independent functions of the second kind.
Expanding the determinant in (6) gives
where
with the coefficient functions
The coefficient functions α, β and γ are polynomials of degree 2, 1 and 1, respectively.
Eq. (9) leads to the following interesting observation. Since the functions t and y as well as the coefficient functions are C 1 -smooth, the function r has to be C 1 -smooth whenever α(ξ) = 0 holds. This is in contrast to the case α(ξ) = 0, which includes the C 1 -joint of two graph surfaces, where C 0 -smoothness of the function r is sufficient. Let us denote by S 
of Eq. (9). These solutions form a linear space L.
The following lemma analyzes the dimension dim L for the case k = 0 in the generic case. More precisely, it applies when choosing a shape vector satisfying α(i/(k + 1)) = 0 for i = 1, . . . , k and
The set of all feasible shape vectors satisfying this condition 1 is denoted by F ⋆ .
It is an open subset of F and also dense in F . (10), then this condition is also satisfied by any pair of patches along the interface that is generated by the knot insertion.
proof. We consider Eq. (9) in more detail. This equation is equivalent to a homogeneous linear system Tb = 0, whereb is the vector of the 3d + 2 coefficients of the three functions r, t, y. Since both sides of (9) are polynomials of degree d + 1 we obtain a system consisting of d + 2 equations. Consequently, the space of solutions has at least dimension 3d
The dimension of L exceeds 2d only if all (d + 2) × (d + 2)-submatrices of T are singular. Analyzing these determinants for d = 3, 4 confirms that at least one regular submatrix exists if the genericity condition (10) is satisfied.
The dimension of L in the non-generic case can take several values, depending on the specific configuration. A complete analysis of these situations is beyond the scope of the present paper, since this would require to analyze a large number of particular configurations. In a different setting, a similar discussion has been given in the recent manuscript [4] .
We use this result to compute the dimension of L for general values of k.
proof. Consider a solution (r, t, y) of Eq. (9) in the generic case. Each pair of adjacent spline segments of the two patches along the interface can be seen as an instance of a configuration without inner knots (k = 0), see Fig. 3 . A short computation confirms that all these pairs are again characterized by generic shape vectors if they are derived from a global generic one. Consequently we can apply the previous lemma to each pair of patches. Thus, within each knot span [
], i ∈ {0, . . . , k}, we represent the functions (r, t, y) with respect to some basis of this local space, using 2d(k + 1) coefficients.
In addition, the solution needs to satisfy C 1 -smoothness conditions at all knots. For this it suffices to consider the first two components (r, t) only since their values uniquely determine the third one via (9) . The C 1 -conditions between neighboring knot spans give a homogeneous linear system consisting of 4k equations.
In the generic case, these equations are linearly independent, since the functions r and t can interpolate any first-order Hermite data (i.e., function values and first derivatives) at all points in the interior of the domain. Indeed, the 4 triplets of functions (r, t, y) ∈ L,
are linearly independent and can be extended to a basis of L. These four functions (11) can interpolate any first order Hermite data at all points satisfying γ(ξ 0 ) = 0. The violation of this condition causes the geometry mapping G (1) to be singular at (1, ξ 0 ), cf. (9), while regularity of the mapping is always assumed.
This confirms that the 4k equations for C 1 -smoothness are linearly independent, hence the dimension of L is equal to 2d(k + 1) − 4k.
The number of linearly independent functions of the second kind is equal to dim L + 1 since they can be obtained by integration from r, t and y. The additional degree of freedom is the integration constant. In fact, for each triplet (r, t, y) ∈ L and integration constant C we obtain an isogeometric function of the second kind by evaluating the expressions
2 ) =
2 ) + C,
2 ) + C.
and subsequently eliminating the contributions of the functions of the first kind. More precisely, we express the functions defined by these formulas in the B-spline basis and replace the B-spline coefficients that are not located on the interface or in the neighboring column with zeros. Any basis function of the second kind is uniquely characterized by the triplet (r, t, y) ∈ L and the integration constant C in (12) . It should be noted that the basis functions of the second kind (and consequently all functions in V ) are C 2 -smooth along the common interface in the generic case, since r has to be C 1 -smooth. This is different from the case of C 1 -joint between the two patches, where the functions are only required to be C 1 -smooth along the common interface.
Theorem 4. In the generic case the dimension of the space of C 1 -smooth geometrically continuous isogeometric functions on bilinear two-patch domains is equal to
proof. The space V is the direct sum of the linear spaces spanned by the basis functions of the first and second kind, as these two spaces have only the null function in common. Indeed, any function f ∈ V has a unique decomposition into a linear combination of basis Figure 4 : Different two-patch domains which are defined by two biquartic Bézier patches G (1) and G (2) . The blue edge is the common edge of both patches. Only the red control points influence the dimension. The black ones can be chosen arbitrarily. The number of linearly independent C 1 -smooth geometrically continuous isogeometric basis functions of the second kind for some particular values of k for the domains shown in Fig. 4 .
functions of the first kind (defined by all B-spline coefficients that are not located on the interface or in the neighboring column) and a function of the second kind, which is defined by the remainder. Since any basis function of the second kind is uniquely characterized by the triplet (r, t, y) ∈ L and the integration constant C in (12) we may complete the proof using Lemma 3 and Eq. (8).
We present an example that shows how the number of linearly independent functions of the second kind is influenced by the geometry of the two-patch domains for d = 4.
Example 5. Let d = 4 and let us consider four different pairs of geometry mappings G (1) and G (2) , which define computational domains Ω consisting of two quadrilateral patches Ω (1) and Ω (2) , see Fig. 4 . The domains (a) and (b) consist of two symmetric rectangles and trapezoids, respectively, which is in contrast to the domain (c), where the patches are not symmetric. Finally, the domain (d) is represented by a non-bilinear parameterization.
For all instances (a)-(d) we obtain a different number of linearly independent functions of the second kind. This number depends on the shape vector and is presented in Table 1 . We explicitly computed the number of these functions for several small values of k and used these results to formulate conjectures for general values of k. The case (c) confirms Theorem 4, which applies to the generic case, whereas case (a) is well known since it exactly describes the C 1 -joint of two graph surfaces. It should be noted that non-bilinearly parameterized domains may give only 3 functions (corresponding to the linear polynomials on the domain) of the second kind, independently of the number of knots k.
In all cases, the dimension of V depends solely on the location of the red control points. The remaining ones can be replaced without changing the number of linearly independent functions of the first or second kind. ♦ 
and W (2) along the associated common interface of the two patches. The geometry of these configurations is specified by the points (p i ,q i ) and (p i ,q i ), i = 0, . . . , 3. The formulas in the appendix refer to these configurations.
Basis of the space
We will describe the construction of a basis of the space V of C 1 -smooth geometrically continuous isogeometric functions on the above described bilinearly parameterized twopatch domains in more detail. As already explained in Section 3.1 our basis consists of two different kinds of functions. The construction of the functions of the first kind have been already described in (7). Now we focus on the functions of the second kind.
Our construction uses the Bézier representation of the k + 1 pairs of spline segments of W (1) and W (2) along the associated common interface of the B-spline patches G (1) and G (2) . Since we consider only functions of the second kind only the Bézier coefficients along the common edge and in the neighboring columns are non-zero.
We will denote these Bézier coefficients by a i and will identify the coefficients along the common edge, thereby ensuring continuity. In total we obtain 3d(k + 1) + 3 coefficients a i which will be used in the construction. These coefficients are numbered from bottom to top along the common interface. Fig. 5 shows examples of two and three pairs of neighboring spline segments, where the coefficients are denoted byâ i andã i , respectively. We introduced these additional variables in order to identify the coefficients in these special cases, which serve as masks for the general one.
As observed in the previous subsection, we obtain d + 2 linear equations for each pair of Bézier elements to achieve C 1 -smoothness of the isogeometric functions along the common interface. Ensuring C 1 -smoothness across inner knots of the patches requires 3k additional equations. We arrive at a linear system
similar to (3) . Note that not all equations are linearly independent. Selecting a basis of the nullspace of the matrix H gives the coefficients of the basis functions of the second kind.
We devised a procedure that creates a matrix which is as banded as possible and whose columns form a basis of the null space for the degrees d = 3 and d = 4 considered in this paper. The details of this method are described in [5] . This procedure revealed a pattern of basis functions that allowed us to derive simple explicit formulas for the basis functions of the second kind. In a subsequent step these formulas have been confirmed using symbolic computation.
The appendix reports the resulting Bézier coefficients for degree d = 4 in the generic case. (Similar formulas, not reported here due to space limitations, are available for d = 3 also.) We obtain four types of basis functions, see Fig. 6 . The formulas in the appendix specify the values of the coefficients with respect to the local geometry of the bilinear two-patch configuration consisting of either two (types A, L, U) or three (type B) pairs of neighboring spline segments, see Fig. 5 . We use the tilde˜and the hatˆsymbol to identify the local shape parameters (p i , q i ) and the corresponding Bézier coefficients a i . The classification of these functions is based on their support:
A These basis functions are defined on two pairs of neighboring spline segments. There are three subtypes A.1-A.3. The total number of these functions is 3k.
B These basis functions are defined on three pairs of neighboring spline segments. There is only one subtype. The total number of these functions is k − 1.
L These five basis functions (subtypes L.1-L.5), which are present at the lower boundary of the common interface, are defined on the first pair or the first two pairs of neighboring spline segments.
U These five basis functions (subtypes U.1-U.5), which are present at the upper boundary of the common interface, are defined on the last pair or the last two pairs of neighboring spline segments.
It should be noted that all these basis functions are well defined for any generic configuration. They are even well-behaved in the vicinity of non-generic configurations and their coefficients are defined for any pair of regular bilinear patches.
We summarize our construction. Each domain is defined by geometry mappings G (1) and G (2) , such that the two-dimensional surface patch consisting of G (1) and G (2) belongs to the space V × V , where V is the space of C 1 -smooth geometrically continuous isogeometric functions on the domain from Fig. 8(a) . Note that for each domain Ω the resulting space of C 1 -smooth geometrically continuous isogeometric functions has at least the same dimension as V .
proof. The use of symbolic computation confirms that the coefficient vectors solve the homogeneous linear system (13) . The analysis of the coefficients of these vectors proves linear independence in the generic case. Finally, the number of these functions plus the number of basis functions of the first kind equals the dimension of the space V .
Beyond bilinear parameterizations
We describe two possible generalizations of our construction to more general two-patch domains.
Modification of certain control points of the geometry mappings G
(1) and G (2) . As described in Section 3.1 only the basis functions of the second kind depend on the initial geometry. Therefore, we can modify all control points of the bilinear geometry mappings G (1) and G (2) (represented as B-spline patches), which do not affect the basis functions of the second kind. More precisely, only the control points of the common interface and of the neighboring columns of the two splines patches G (1) and G (2) have to be kept (i.e., they have to comply with bilinear parameterizations) while the remaining control points can be modified. This allows us to construct C 1 -smooth geometrically continuous isogeometric functions on this particular class of two-patch domains that can have curved boundaries. However, the common interface of the two-patch domain needs to be a straight line. An example of a two-patch domain Ω, which can be parameterized by such geometry mappings G (1) and G (2) , is visualized in Fig. 8(c) .
Use of the space V × V to construct geometry mappings G (1) and G (2) . Let G be the two-dimensional surface patch which consists of the geometry mappings G (1) and G (2) . By choosing geometry mappings G (1) and G (2) such that G ∈ V × V , we can define a more general two-patch domain Ω, for which the resulting space of C 1 -smooth geometrically continuous isogeometric functions possesses at least the same dimension as V . In contrast to the first strategy, this approach allows us to obtain C 1 -smooth geometrically continuous isogeometric functions on two-patch domains, where the common interfaces between the two patches are not necessarily straight lines, see Fig. 7 .
Numerical results
We generate sequences of nested spaces of C 1 -smooth geometrically continuous isogeometric functions and use them for numerical experiments with L 2 approximation, Poisson's equation and the biharmonic equation.
Nested spaces of C
1 -smooth geometrically continuous isogeometric functions Let Ω = Ω (1) ∪ Ω (2) be a general two-patch domain defined by two bilinear geometry mappings G (1) and G (2) which are represented as bicubic (d = 3) or biquartic (d = 4) patches using degree elevation. Some of the control points (sufficiently far away from the interface) are further modified in order to obtain more general geometries (see Section 3.4).
We first construct C 1 -smooth geometrically continuous isogeometric basis functions as described in Section 3. Further, in order to obtain a finer space, we insert 2 L − 1, L ∈ N, equidistant inner knots of multiplicity d − 1 in both parameter directions, where L is the level of the refinement. This gives C 1 -smooth geometrically continuous isogeometric basis functions for a refined space, which will be denoted by V h , where h = O(2 −L ). The geometrically continuous isogeometric functions are globally C 1 -smooth and piecewise C ∞ -smooth, and therefore belong to the space H 2 (Ω). Since all functions v ′ ∈ V h ′ can be represented as linear combinations of functions v ∈ V h for h ≤ h ′ , we get a sequence of nested spaces V h ⊂ H 2 (Ω). Later, for solving Poisson's equation and the biharmonic equation, respectively, we will need C 1 -smooth geometrically continuous isogeometric functions w i , which satisfy the boundary conditions w i (x) = 0 on ∂Ω and
respectively. We obtain sequences of nested spaces by solving the linear system (3) with additional linear equations for the corresponding boundary conditions. These spaces will be denoted by V 0,0h and V 1,0h , respectively. Example 7. We consider the three different computational domains Ω, shown in Fig. 8 (first row), which consist of two quadrilateral patches Ω (1) and Ω (2) . For the domains (a) and (b), the corresponding initial geometry mappings G (1) and G (2) are bilinear parameterizations, which are represented as Bézier patches of degree (d, d) for d = 3, 4. In case of domain (c), the initial geometry mappings G (1) and G (2) are again Bézier patches of degree (d, d) for d = 3, 4, but they are chosen in such a way that the control points of the common edge and of the first neighboring columns are a part of a bilinear parameterization. In addition, the figure also shows the different exact analytic solutions, which will be used in the remaining examples in this section to verify the order of convergence. Table 2 reports the number of isogeometric basis functions for various levels L of refinement and for the different boundary conditions. ♦ In the following subsections we present three possible applications of these isogeometric functions over two-patch domains, in order to demonstrate their potential for IgA on the basis of several examples.
L 2 approximation
Let z : Ω → R be a smooth function defined on a two-patch domain Ω = Ω (1) ∪ Ω (2) . In addition, let {w i } i∈I for I = {1, 2, . . . dim V h } be a set of C 1 -smooth geometrically b.c. 0  2  23  7  39  9  5  1  15  3  --1  8  57  9  109  13  27  3  67  7  -35  3  2  32  173  13  357  21  119  7  279  15  75  3  211  11  3  128  597  21  1285  37  495  15  1135  31  403  11  995  27  4  512  2213  37  4869  69  2015  31  4575  63  1827  27  4291  59  5  2048  8517  69  19849 133  8127  63  18367 127  7747  59  17795 123   Table 2 : The number of C 1 -smooth geometrically continuous isogeometric basis functions (# bfct: in total, # k2: second kind) for each level L for the three domains in Fig. 10 without boundary conditions (for L continuous isogeometric functions, which form a basis of a subspace V h of H 2 (Ω). We approximate the function z by the function
using the least squares approach, i.e., we compute the coefficients {c i } i∈I such that
The minimization problem (14) can be formulated as a system of linear equations Kc = z for the unknown coefficients c = (c i ) i∈I , where the elements of the (mass) matrix K = (k i,j ) i,j∈I and of the vector z = (z i ) i∈I are
Since the functions w i are given as in (1) the entries k i,j and z i can be rewritten as
and
Example 8. We use the isogeometric basis functions on the three domains described in the previous example to apply L 2 approximation to smooth functions, which are defined on the domains (a)-(c).
More precisely, we approximate for all three domains the same function restricted to the different domains, see Fig. 8 (second row). The resulting H 0 -errors (i.e. L 2 -errors) and convergence rates for the different level L of refinement are presented in Table 3 . The numerical results indicate that the convergence rate is optimal with respect to the H 0 -norm, which is O(h 4 ) and O(h 5 ) for bicubic and biquartic cases, respectively. ♦
Poisson's equation
We consider again a two-patch domain Ω = Ω (1) ∪ Ω (2) , and a set {w i } i∈I for I = {1, 2, . . . dim V 0,0h } of C 1 -smooth geometrically continuous isogeometric functions, which form a basis of a subspace V 0,0h ⊂ H 1 0 (Ω). We consider the following problem for the unknown function u over the computational domain Ω,
with f ∈ H 0 (Ω). Using the weak formulation and applying isogeometric Galerkin projection (cf. [9] ) leads to a system of linear equations Sc = f for the unknown coefficients c = (c i ) i∈I , where the entries of the stiffness matrix S = (s i,j ) i,j∈I and of the load vector f = (f i ) i∈I are given by
respectively. Using the isogeometric approach, we rewrite these integrals as
with x 1 + x 2 3 10
respectively. The three functions satisfy the boundary conditions u = 0 on ∂Ω, and are visualized in Fig. 8 (third row). The resulting H i -errors, i = 0, 1, with the corresponding convergence rates are presented in Table 4 . The numerical results indicate convergence rates of O(h 4−i ) and O(h 5−i ) in the H i -norms, i = 0, 1, for the bicubic and the biquartic case, respectively. ♦
Biharmonic equation
Higher order smoothness of isogeometric elements is particularly advantageous for solving high order partial differential equations. An example of such an equation is (the weak formulation of) the biharmonic equation, where C 1 -smoothness of isogeometric functions is an advantage, since test functions from the space H 2 (Ω) are required (cf. [8, 22] ). Let {w i } i∈I for I = {1, 2, . . . dim V 1,0h } be a set of C 1 -smooth geometrically continuous isogeometric functions, which form a basis of a subspace
is a two-patch domain. As a model problem we consider the first biharmonic boundary value problem for the unknown function u over the computational domain Ω,
with f ∈ H 0 (Ω). Using the weak formulation, we compute u ∈ H 2 0 (Ω) such that
(Ω) (see [22] ). Using the Galerkin projection we find v h ∈ V 1,0h by solving the system of equations
for all v h ∈ V 1,0h , which leads to a system of linear equations. More precisely, we are solving the linear system Sc = f , for the coefficients of
respectively. After some computations we arrive at the following formulas for the elements of the stiffness matrix and the load vector for the two-patch isogeometric case:
is given by Example 10. We numerically solve the biharmonic equation (17) over the same three computational domains Ω with the same associated initial geometry mappings G (1) and G (2) as in Example 8 and 9 (see Fig. 8 , first row). We use the nested spaces V 1,0h ⊂ H Table 2 . Note, that for the bicubic and the biquartic case, there do not exist non-trivial geometrically continuous isogeometric functions for low levels L, due to the boundary conditions. Therefore, the coarsest level starts with L = 2 and L = 1 for d = 3 and d = 4, respectively.
The right-hand side functions f of the biharmonic equation (17) for the domains (a)-(c) are obtained by differentiating the functionsũ = u 2 , where u are the corresponding functions from Example 9. These functions fulfill the boundary conditionsũ = ∂ũ ∂n = 0 on ∂Ω, and are visualized in Fig. 8 (fourth row) . The resulting H i -errors, i = 0, 1, 2, with the corresponding convergence rates are presented in Table 5 . The numerical results indicate a convergence rate of O(h 2 ) and O(h 3 ) in the H 2 -norm for the bicubic and the biquartic case, respectively. ♦ Example 11. Table 6 reports the condition numbers κ and the estimated growth rate for the three matrices considered in the numerical experiments with domain (a) in Fig. 8 and d = 4. Diagonal scaling was applied to all matrices, cf. [6] . These numerical results indicate that using geometric continuity does not have much impact on the growth rate of the condition numbers. ♦ Table 6 : Condition numbers κ with the estimate growth rate (the dyadic logarithmic of the ratio of two consecutive condition numbers), see Example 11 for details.
Conclusion
We discussed C s -smooth geometrically continuous isogeometric functions defined on multi-patch domains Ω ⊂ R 2 . Their construction is based on the observation that the geometric smoothness of the graph of such a function is equivalent to the smoothness of the function over Ω. We also sketched a procedure to construct a basis for the space of C s -smooth geometrically continuous isogeometric functions. Special attention was paid to the case of bilinearly parameterized two-patch geometries, where we were able to present the construction in more detail.
The potential of the resulting geometrically continuous isogeometric functions has been demonstrated by several examples, including L 2 approximation, Poisson's equation and the biharmonic equation. For these examples, we considered different two patch-domains Ω consisting of two quadrilateral patches, for which we generated geometrically continuous isogeometric functions of order 1 and degree d = 3, 4. For all three different applications, the numerical results indicated optimal convergence rates. This is different from the experiments reported in [16] , where a reduction of the order of convergence for geometrically continuous discretizations has been observed. A possible explanation is the fact that the effect of geometric continuity in those experiments was concentrated at an extraordinary vertex, while we spread it out along the entire interface between two patches. In fact, many constructions for geometrically continuous surfaces in geometric modeling aim at limiting the effect of geometric continuity to the vicinity of extraordinary vertices [18] , as it is then possible to use standard constructions everywhere except at very few places. However, our experiments seem to indicate that spreading out the effect of geometric continuity is more appropriate for applications in isogeometric analysis, in order to maintain the approximation power. Moreover, the latter approach makes it also simpler to obtain nested spaces by h-refinement.
The detailed construction of the basis functions presented in this paper is restricted to two-patch domains. In order to overcome this limitation, we are currently working on using our general framework to generate C 1 -smooth geometrically continuous isogeometric functions for multi-patch domains with extraordinary vertices. A detailed investigation of the structure of the resulting spaces of geometrically continuous isogeometric functions is of interest, too. On the one hand we could generate basis functions with a small support, if feasible. On the other hand we aim at finding explicit formulas, depending on the initial geometry, for the coefficients of the isogeometric functions. Related results have recently become available as a technical report [4] , especially focusing on higher degrees and special configurations.
Another possible topic of future work is a theoretical investigation of the approximation power of geometrically continuous isogeometric functions. For bilinearly parameterized two-patch domains, the space of these functions contains the spline space of the C 1 -smooth spline functions of degree d on the quadrangular partition of the domain determined by the knot lines in the parameter domains. There exist dimension results for this type of spline spaces [15] but the approximation power has not yet been investigated.
Finally, the extension of the concept of geometrically continuous isogeometric functions to three-dimensional multi-patch domains should be considered.
